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COUNTEREXAMPLE TO A CONJECTURE OF
TAKETOMI-TAMARU
MICHAEL JABLONSKI
Abstract. We study the setting of 2-step nilpotent Lie groups in the
particular case that its type (p, q) is not exceptional. We demonstrate
that, generically, the orbits of R>0 × Aut0 in GL(n)/O(n) are congruent
even when a Ricci soliton metric does exists. In doing so, we provide a
counterexample to a conjecture of Taketomi-Tamaru.
Among solvable and nilpotent groups, perhaps the most natural distin-
guished Riemannian metrics are those left-invariant metrics which are either
Einstein or Ricci soliton. These metrics are known to minimize natural func-
tionals [Heb98, Lau01] and have maximal symmetry when compared to other
left-invariant metrics [Jab11, Jab18, GJ18]. The pursuit of algebraic and geo-
metric criteria which guarantee or preclude the existence of these metrics has
been a long standing avenue of investigation, with the lion’s share of the at-
tention given to the algebraic side, see e.g. [Nik11].
Recently there have been several works approaching this question from the
geometric side. Given a Lie group G with Lie algebra g, one can study the left-
invariant metrics on G by studying inner products on g; thus, one considers
the set of inner products which is naturally presented as the symmetric space
GL(n)/O(n), where n = dim g.
The subgroup R∗ × Aut(g) ⊂ GL(n) acts on the space of inner products
GL(n)/O(n). Any two inner products in the same Aut(g)-orbit are isomet-
ric and so inner products in the same R∗ × Aut(g)-orbit are isometric up to
scaling. Note, in the nilpotent setting the Aut(g)-orbits are precisely the isom-
etry classes, but this is not necessarily true for solvable, non-nilpotent groups
[GW88].
Given an inner product 〈·, ·〉 ∈ GL(n)/O(n), the orbit R∗×Aut(g) · 〈·, ·〉 has
recently been dubbed the corresponding submanifold. We collect some recent
results on the geometry of this corresponding submanifold.
• Let G be a 3-dimensional solvable Lie group with left-invariant metric
〈·, ·〉 ∈ GL(3)/O(3). Then (G, 〈·, ·〉) is a Ricci soliton if and only if
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the corresponding submanifold R∗ ×Aut(g) · 〈·, ·〉 in GL(3)/O(3) is a
minimal submanifold [HT17].
• Let G be a 4-dimensional nilpotent Lie group with left-invariant metric
〈·, ·〉 ∈ GL(4)/O(4). Then (G, 〈·, ·〉) is a Ricci soliton if and only if
the corresponding submanifold R∗ × Aut(g) · 〈·, ·〉 in GL(4)/O(4) is
a minimal submanifold. Furthermore, it is shown that this result is
false for some solvable groups in dimension 4 [Has14] .
• Let G be an n-dimensional nilpotent Lie group. It is conjectured that
if R∗ × Aut(g) does not act transitively on GL(n)/O(n) and all the
orbits are congruent, then G does not admit a Ricci soliton [TT18,
Conj. 1.2]. The authors go on to verify the conjecture for some classes
of nilpotent groups in every dimension - the algebras there have large
automorphism groups.
Recall, two orbits being congruent means that there is an isometry φ ∈
GL(n) of the symmetric space GL(n)/O(n) which sends one orbit to the other.
In the present work, we consider the connected components of the corre-
sponding submanifolds, i.e. we will look at the orbits of the connected group
R
>0 × Aut(g)0 in GL(n)/O(n).
Theorem A. There exists a 9-dimensional nilpotent Lie group G such that
(i) G admits a Ricci soliton metric and
(ii) R>0×Aut(g)0 does not act transitively on GL(9)/O(9) and the orbits
are all congruent.
This essentially provides a counterexample to the conjecture of Taketomi-
Tamaru; note that our result only concerns the connected group R>0×Aut(g)0
and not the full group R∗ × Aut(g). However, our result does demonstrate
that really there is no criterion on the geometry of the corresponding subman-
ifolds which can determine the soliton condition, or likely any other distin-
guished condition. Furthermore, the phenomenon occurring in the theorem
above seems to be more common than not, see Theorem 4.1.
Remark. We note that we do not take up the remaining interesting question
of whether or not it is possible that conditions such as the corresponding
submanifold being minimal or not either guarantee or preclude the existence
of a soliton metric. It would be interesting to know if the corresponding
submanifolds appearing in Theorem A are indeed minimal submanifolds.
1. outline of proof
Our strategy is to work with Lie algebras whose algebra of derivations is
very small. Recall, the Lie algebra of the automorphism group is the algebra
of derivations.
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Consider a 2-step nilpotent Lie algebra n = v + z, where z = [n, n] is the
commutator subalgebra and v is a complement of z. As n is 2-step nilpotent,
z = [n, n] is central, but might not be all of the center of n. The algebra n
comes equipped naturally with two kinds of derivations. First we have the
(1,2)-derivation
(1.1) D =
[
Idv 0
0 2 Idz
]
;
then we have derivations which vanish on z and map v to z, i.e. ones of the
form
(1.2)
[
0 0
∗ 0
]
.
These are precisely the derivations valued in z and they form an ideal in Der(n).
We denote this set of derivations by Derv→z. Combining the above, we have a
subalgebra R(D)⋉Derv→z of Der(n). In fact, one can argue that this is an ideal
of Der(n), though we won’t need this fact. In general, the set of derivations is
(1.3) Der(n) = Der(n) ∩ (gl(v)⊕ gl(z))⊕Derv→z;
and at the automorphism level one has
Aut(n) = (Aut(n) ∩GL(v)×GL(z)) exp(Derv→z),
where the subgroup exp(Derv→z) is a normal subgroup.
We are interested in the case when Der(n) = R(D) ⋉ Derv→z and for the
rest of this section we make this assumption going forward. By Lie’s Theorem,
we know there is some upper triangular matrix s ⊃ Der(n); this is easily seen
using a basis of v concatenated with a basis of z. Observe that Der(n) is then
an ideal of s. If S denotes the subgroup of GL(n,R) with Lie algebra s then
we have
• R>0 × Aut(n)0 is a normal, proper subgroup of S and
• S acts transitively on GL(n,R)/O(n).
Using normality of R>0×Aut(n)0 and transitivity of S above, we immediately
see that all the R>0×Aut(n)0-orbits in GL(n,R)/O(n) are congruent; further-
more, as R>0×Aut(n)0 is a proper subgroup of S, it does not act transitively
on GL(n)/O(n).
Below we detail for which types of 2-step nilpotent Lie groups the above
arguments come together. In a generic sense, many algebras simultaneously
• admit a soliton metric and
• have smallest possible derivation algebra.
These two facts combined allow us to realize our counterexample.
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2. The j-map and algebras of type (p, q)
Consider a 2-step nilpotent algebra n = v + z where z = [n, n]. We say n
is of type (p, q) if dim z = p and dim v = q. Given an algebra of type (p, q),
with an inner product 〈·, ·〉, we may consider the so-called j-map considered
by Eberlein and others [Ebe94]:
j : z→ so(v),
defined by
〈j(z)v, w〉 = 〈[v, w], z〉.
Taking an orthonormal basis {z1, . . . , zp} of z, one may associate to n a p-tuple
of skew-symmetric matrices
C = (C1, . . . , Cp) ∈ so(q)
p = so(q)⊗ Rp
via Ci = j(zi) ∈ so(v). The set of 2-step nilpotent algebras of type (p, q)
forms a Zariski open set V 0pq in so(q)⊗ R
p, being those p-tuples whose entries
are linearly independent. We note that the constraint of linear independence
forces us to have 1 ≤ p ≤ 1
2
q(q − 1) = dim so(q).
Interestingly, both the automorphism group and the ismorphism classes of
2-step nilpotent algebras of type (p, q) can be read off from a natural GL(q)×
GL(p) action on so(q) ⊗ Rp. This action is given as follows. For (g, h) ∈
GL(q)×GL(p) and M ⊗ v ∈ so(q)⊗ Rp,
(g, h) ·M ⊗ v = gMgt ⊗ hv,
where the GL(p) action on Rp is the standard one; of course, one extends
linearly. We note that there is an induced Lie algebra action of gl(q) ⊕ gl(p)
given by
(2.1) (X, Y ) ·M ⊗ v = (XM +MX t)⊗ v +M ⊗ Y v,
for X ∈ gl(q) and Y ∈ gl(p).
This action and its relationship to nilpotent geometry have been explored
in depth by Eberlein [Ebe03]. We record some useful facts here, cf. Equation
1.3.
• Two algebras of type (p, q) are isomorphic if and only if their corre-
sponding p-tuples lie in the same GL(q)×GL(p) orbit.
• If n corresponds to C ∈ so(q)⊗ Rp, then
Der(n) ∩ (gl(q)⊕ gl(p)) ≃ (gl(q)⊕ gl(p))C ,
where the right-hand side is the stabilizer of the Lie algebra action at
C.
The isomorphism above is given by
(X, Y ) ∈ (gl(q)⊕gl(p))C if and only if (−X
t, Y ) ∈ Der(n)∩(gl(q)⊕gl(p)).
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Definition 2.1. We say that (p, q) is exceptional if either (p, q) or (1
2
q(q −
1)− p, q) appears in the list below. Note, 1
2
q(q − 1) = dim so(q).
(1, q) for q ≥ 2
(1
2
q(q − 1), q) for q ≥ 2
(2, k) for k ≥ 3
(3, k) for 4 ≤ k ≤ 6
As we will see below, the exceptional types (p, q) are when the generic
derivation algebras are larger than the minimal possible one appearing in the
next theorem. Interestingly, most of the go-to examples that people work with
fall into the exceptional cases above and so do not reflect the nature of generic
2-step nilpotent geometry.
Theorem 2.2. For non-exceptional types, a generic algebra has as its deriva-
tion algebra the minimal possible derivation algebra, i.e.
Der = R(D)⊕Derv→z,
where D is the (1, 2)-derivation given in Eqn. 1.1. More precisely, there exists
a Zariski open set in so(q)p with the property above.
Lemma 2.3. Take C ∈ so(q)p. If SL(q) × SL(p) · C is closed, then the
stabilizer of the gl(q)⊕ gl(p) action at C is R(D)⊕ (sl(q)⊕ sl(p))C.
Remark 2.4. Conditions are needed on the orbit to ensure the result in the
lemma. For example, for type (2, 2k+ 1) it is known that there is one generic
orbit of the GL(2k + 1) × GL(2) action and this orbit is open. As such, one
can see that the stabilizer of gl(2k + 1)⊕ gl(2) is bigger than the stabilizer of
sl(2k + 1)⊕ sl(2) extended by the (1,2) derivation given in Eqn. 1.1.
Proof of the lemma. We write gl(q) ⊕ gl(p) as R⊕ R⊕ sl(q) ⊕ sl(p). Each R
factor acts by scaling on C (cf. Eqn. 2.1). Given X ∈ (gl(q) ⊕ gl(p))C , we
see that it may be written as X = X1 + X2 with X1 acting by scaling and
X2 ∈ sl(q)⊕ sl(p). Thus
X2 · C = rC,
for some r ∈ R. This implies
exp(tX2) · C = e
rtC,
for t ∈ R. However, since SL(q) × SL(p) · C is closed it cannot contain the
origin in its boundary, thence we see that r = 0 and X2 stabilizes C. In turn,
X1 must stabilize C and so is a multiple of the (1,2)-derivation D.

The proof of the theorem above now follows immediately from the lemma
combined with some general theory on certain representations of SL(q)×SL(p)
which we present in the following section.
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3. The action of SLp × SLq
For a detailed discussion on the following facts and their relationship to
nilpotent geometry, we refer the interested reader to [Jab08, Chapter 7].
From the work of Knop-Littelman [KL87], we know that in the case of
non-exceptional types (p, q), the generic stabilizers of the the SL(q)× SL(p)
representation above are finite (i.e. they have trivial connected component).
From [PV94], we then have that generic orbits of SL(q) × SL(p) are closed.
We summarize this information below.
Theorem 3.1. For non-exceptional types (p, q), there is a Zariski open set in
so(q)p whose elements C satisfy
(i) SL(q)× SL(p) · C is closed, and
(ii) (sl(q)× sl(p))C = {0}
Combining part (ii) of this theorem with the lemma above, the proof of
Theorem 2.2 is complete.
4. Application to nilsolitons
It was recognized in [Ebe08] that if the orbit SL(q)×SL(p)·C is closed, then
the associated 2-step nilpotent Lie group of type (p, q) admits a soliton metric.
Applying the above facts to nilpotent geometry, we now have the following.
Theorem 4.1. Consider a non-exceptional type (p, q). There exists a Zariski
open set of so(q)p such that the corresponding 2-step nilpotent Lie groups N
satisfy
(i) N admits a nilsoliton metric and
(ii) the derivation algebra of n = Lie N is the minimal one described in
Theorem 2.2.
The smallest dimension where these facts hold is dimension 9 and this is for
algebras of type (4, 5). We now have all the necessary conditions to carry out
the construction in Section 1 for building the counterexample to the conjecture
by Taketomi-Tamaru.
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